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013.02.0Abstract A numerical method based on an NM-set of general, hybrid of block-pulse function and
Taylor series (HBT), is proposed to approximate the solution of nonlinear Volterra–Fredholm inte-
gral equations. The properties of HBT are ﬁrst presented. Also, the operational matrix of integra-
tion together with Newton-Cotes nodes are utilized to reduce the computation of nonlinear
Volterra–Fredholm integral equations into some algebraic equations. In addition, convergence
analysis and numerical examples that illustrate the pertinent features of the method are presented.
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University.1. Introduction
The nonlinear Volterra–Fredholm integral equations arise
from various physical and biological models. The essential fea-
tures of these models are of wide applicable [19]. In recent
years, many different basic functions have used to estimate
the solution of nonlinear Volterra–Fredholm integral
equations, such as orthonormal bases and wavelets
[2,5,12,15,16,19,20]. HBT approach for solving linear Fred-
holm integral equations has been presented by Maleknejad851 2355404.
ac.ir, f.mirzaee@iust.ac.ir (F.
lty of Engineering, Alexandria
ng by Elsevier B.V. on behalf of F
04and Mahmoudi [13] and then this has been extended by Marz-
ban and Razzaghi to multi-delay systems [14]. In this study,
the basic ideas of the previous works are developed and ap-
plied to the nonlinear Volterra–Fredholm integral equations:
yðtÞ ¼ xðtÞ þ k1
Z t
0
k1ðt; sÞF1ðyðsÞÞds
þ k2
Z 1
0
k2ðt; sÞF2ðyðsÞÞds; t 2 I ¼ ½0; 1Þ; ð1Þ
where k1 and k2 are constant, x(t) 2 L2(I), k1(t, s) and
k2(t, s) 2 L2(I · I) are assumed and F1(y(s)) and F2(y(s)) are gi-
ven continuous functions which are nonlinear with respect to
y(t), and y(t) is an unknown function. We assume that Eq.
(1) has a unique solution y(t) to be determined [2–4,6,7]. First,
we review the HBT and their properties. In Section 3, we apply
these set of HBT for approximating the solution of nonlinear
Volterra–Fredholm integral equations. Using the properties
of HBT together with collocation method, we reduce the non-
linear Volterra–Fredholm integral equations to a system ofaculty of Engineering, Alexandria University.
:552 F. Mirzaee, A.A. Hoseininonlinear equations. These equation can be solved using New-
ton’s iterative method. In Section 4, we will discuss a conver-
gence analysis for nonlinear Volterra–Fredholm integral
equations. In Section 5, we illustrate some numerical examples
to show the efﬁciency and accuracy of method.
2. Brief review of HBT
2.1. Deﬁnition
Consider the Taylor polynomials Tm(t) = t
m; m= 0, 1, 2, . . .
on the interval [0,1]. A set of block-pulse functions ;i (t);
i= 1, 2, . . . , m and the set of functions hij (t); i= 1, 2, . . . ,
N, j= 0,1, 2, . . . , (M  1) that produces by HBT on I are de-
ﬁned as follows respectively:
;iðtÞ ¼
1; i1
m
6 t < i
m
0; otherwise

; ð2Þ
hijðtÞ ¼
TjðNt iþ 1Þ; i1N 6 t < iN
0; otherwise

; ð3Þ
where i and j are the order of block-pulse functions and Taylor
polynomials, respectively [13].
2.2. Function approximation
A function f(t) 2 L2(I) can be approximated as
fðtÞ ¼
X1
i¼1
X1
j¼0
fijhijðtÞ; ð4Þ
where
fij ¼ ðfðtÞ; hijðtÞÞðhijðtÞ; hijðtÞÞ ¼
1
Njj!
djfðtÞ
dtj
 
t¼i1N
: ð5Þ
So that (Æ,Æ) denotes the inner product. If f(t) in Eq. (4) is
truncated, then Eq. (4) can be written as
fðtÞ 
XN
i¼1
XM1
j¼0
fijhijðtÞ ¼ FTHðtÞ; ð6Þ
where
F ¼ ½f10; . . . ; f1ðM1Þ; f20; . . . ; f2ðM1Þ; . . . ; fN0; . . . ; fNðM1ÞT; ð7Þ
and
HðtÞ¼ ½h10ðtÞ; . . . ;h1ðM1ÞðtÞ;h20ðtÞ; . . . ;h2ðM1ÞðtÞ; . . . ;hN0ðtÞ; . . . ;hNðM1ÞðtÞT:
ð8Þ
We can also approximate the function k(t, s) 2 L2(I · I) as
follows:
kðt; sÞ  HTðtÞKHðsÞ; ð9Þ
where K is an NM · NM matrix that
kij ¼ ðhijðtÞ; ðkðt; sÞ; hijðtÞÞÞðhijðtÞ; hijðtÞÞðhijðsÞ; hijðsÞÞ¼
1
Nrþmr!m!
diþjkðt; sÞ
dtidsj
 
ðt;sÞ¼ iN; iNð Þ
ð10Þ
Such that
i; j ¼ 0; 1; 2; . . . ;NM 1; r ¼ i i
N
 
N; m ¼ j j
N
 
N:2.3. The operational matrix of integration
The integration of the H(t) deﬁned in Eq. (8) can be approxi-
mated byZ t
0
HðsÞds  PHðtÞ; ð11Þ
where P is an NM · NM operational matrix for integration
and is given by
P ¼
E H . . . H
0 E . . . H
..
. ..
. . .
. ..
.
0 0    E
0
BBBB@
1
CCCCA
NMNM
; ð12Þ
with
H ¼ 1
N
1 0 0 . . . 0
1
2
0 0 . . . 0
..
. ..
. ..
. . .
. ..
.
1
M
0 0    0
0
BBBBB@
1
CCCCCA
MM
; ð13Þ
and E is the operational matrix of integration for Taylor poly-
nomials on the interval i1
N
; i
N
 	
which is given in [11,18] by
E ¼ 1
N
0 1 0 . . . 0
0 0 1
2
. . . 0
..
. ..
. ..
. . .
. ..
.
0 0 0 . . . 1
M1
0 0 0 . . . 0
0
BBBBBBB@
1
CCCCCCCA
MM
: ð14Þ2.4. The product operational matrix
It is always necessary to evaluate the product of H(t) and
HT(t), which is called the product matrix of HBT. Let
wðtÞ ¼ HðtÞHTðtÞ; ð15Þ
where w(t) is NM · NM matrix. By multiplying the matrix w(t)
in vector F that deﬁned in Eq. (7), we obtain
wðtÞF  eFHTðtÞ; ð16Þ
where eF is NM · NM matrix and called the coefﬁcient matrix.
Such that
eF ¼
~f1 0 . . . 0
0 ~f2 . . . 0
..
. ..
. . .
. ..
.
0 0    ~fN
0
BBBB@
1
CCCCA
NMNM
; ð17Þ
wherev
~fi ¼
fi0 fi1 . . . fiðM1Þ
0 fi0 . . . fiðM2Þ
..
. ..
. . .
. ..
.
0 0    fi0
0
BBBB@
1
CCCCA
MM
; i ¼ 1; 2; . . . ;N: ð18Þ
For further information see [13].
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The integration of the cross product of two HBT vectors call
be obtained as
D ¼
Z 1
0
HðtÞHTðtÞdt: ð19Þ
For the HBT, D has the following form:
D ¼
D1 0 . . . 0
0 D2 . . . 0
..
. ..
. . .
. ..
.
0 0    DN
0
BBBB@
1
CCCCA
NMNM
; ð20Þ
where Di is deﬁned as follows:
Di ¼ 1
N
Z 1
0
TðtÞTTðtÞdt; i ¼ 1; 2; . . . ;N; ð21Þ
where T(t) = [T0(t), T1(t), . . . , Tm1(t)]
T.
3. Nonlinear Volterra–Fredholm integral equations
Consider the nonlinear Volterra–Fredholm integral equations
given in Eq. (1). We let
qiðtÞ ¼ FiðyðtÞÞ; i ¼ 1; 2; t 2 I: ð22Þ
Then, we get
yðtÞ ¼ xðtÞ þ k1
Z t
0
k1ðt; sÞq1ðsÞdsþ k2
Z 1
0
k2ðt; sÞq2ðsÞds; t 2 I:
ð23Þ
Substituting Eq. (23) in Eq. (22), we have
qiðtÞ ¼ Fi xðtÞ þ k1
Z t
0
k1ðt; sÞq1ðsÞdsþ k2
Z 1
0
k2ðt; sÞq2ðsÞds
 
;
¼ 1; 2:
ð24Þ
Let approximate q1(t), q2(t), k1(t, s) and k2(t, s) by Eqs. (6)
and (9) as follows:
q1ðtÞ  QT1HðtÞ; ð25Þ
q2ðtÞ  QT2HðtÞ; ð26Þ
k1ðt; sÞ  HTðtÞK1HðsÞ; ð27Þ
k2ðt; sÞ  HTðtÞK2HðsÞ; ð28ÞTable 1 Numerical results for Example 1.
Nodes t Method in [16]
with k= 16
Method in [8]
with m= 8, n= 16
t= 0.0 1.995 2.000085
t= 0.1 1.989 1.990104
t= 0.2 1.965 1.960125
t= 0.3 1.912 1.910152
t= 0.4 1.841 1.840174
t= 0.5 1.752 1.750195
t= 0.6 1.643 1.640208
t= 0.7 1.498 1.510204
t= 0.8 1.359 1. 360192
t= 0.9 1.185 1. 190149with substituting in Eq. (24)
QTi HðtÞ ¼ Fi xðtÞ þ k1HTðtÞK1
Z t
0
HðsÞHTðsÞQ1ds

þk2HTðtÞK2
Z 1
0
HðsÞHTðsÞQ2ds

; i ¼ 1; 2: ð29Þ
With Eqs. (16), (11) and (19), we have
QTi HðtÞ ¼ Fi xðtÞ þ k1HTðtÞK1 eQ1PHðtÞ þ k2HTðtÞK2DQ2
 ; i
¼ 1; 2:
ð30Þ
In order to ﬁnd Q1 and Q2, we collocate Eq. (30) in NM no-
dal points of Newton-Cotes [17] as
ta ¼ 2a 1
2NM
; a ¼ 1; 2; . . . ;NM: ð31Þ
From Eqs. (30) and (31), we have a system of 2NM nonlin-
ear equations and 2NM unknowns. After solving above non-
linear system, we can achieve the unknown vectors Q1 and
Q2. The required approximated solution y(t) for nonlinear Vol-
terra–Fredholm integral Eq. (1) can be obtained by using Eqs.
(23), (29) and (30) as follows
yðtÞ ¼ xðtÞ þ k1HTðtÞK1 eQ1PHðtÞ þ k2HTðtÞK2DQ2: ð32Þ
4. Convergence analysis
Assume (C[I], i.i) the Banach space of all continuous functions
on I. let
8t; s 2 I; jk1ðt; sÞj 6M1jk2ðt; sÞj 6M2

; ð33Þ
and F1(y(t)) and F2(y(t)) are satisﬁed in Lipschitz condition
such that
jF1ðyðtÞÞ  F1ðzðtÞÞj 6 L1jyðtÞ  zðtÞj;
And
jF2ðyðtÞÞ  F2ðzðtÞÞj 6 L2jyðtÞ  zðtÞj:Theorem 1. The solution of nonlinear Volterra–Fredholm inte-
gral Eq. (1) by using HBT converges if
0< Œk1ŒM1L1t + Œk2ŒM2L2 < 1.Approximate HBT
for with M= 3, N= 6
Error HBT for with
M= 3, N= 6
1.999831 1.696354E04
1.990193 1.938751E04
1.960201 2.015758E04
1.910235 2.356108E04
1.840256 2.569098E04
1.750272 2.727425E04
1.640297 2.976612E04
1.510315 3.155343E04
1.360343 3.434160E04
1.190369 3.692853E04
Figure 1 Exact and approximate solutions by HBT for Example
1.
Figure 2 Exact and approximate solutions by HBT for Example
2.
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eHBTðtÞ ¼ kyNMðtÞ  yðtÞk; ð34Þ
where yNM(t) and y(t) show approximate and exact solution of
Eq. (1), respectively. By using Eq. (34), we have
eHBTðtÞ ¼ maxt2IjyNMðtÞ  yðtÞj
6 maxt2Ijk1j
Z t
0
jk1ðt; sÞjjF1ðyNMðsÞÞ  F1ðyðtÞÞjds
þmaxt2Ijk2j
Z 1
0
jk2ðt; sÞjjF2ðyNMðsÞÞ  F2ðyðtÞÞjds;
) ð1 ðjk1jM1L1tþ jk2jM2L2ÞÞeHBTðtÞ 6 0;
By choose 0 < Œk1ŒM1L1t+ Œk2ŒM2L2 < 1, when
NMﬁ+1, it implies eHBT(t)ﬁ 0. h5. Numerical examples
The method of this study is useful in ﬁnding the solutions of
nonlinear Volterra–Fredholm integral equations in terms of
HBT. The computations associated with the examples were
performed using MATLAB on personal computer.
Example 1. Consider the following nonlinear Volterra–Fred-
holm integral equation [8,12,16]:
yðtÞ ¼  1
30
t6 þ 1
3
t4  t2 þ 5
3
t 5
4
þ
Z t
0
ðt sÞy2ðsÞds
þ
Z 1
0
ðtþ sÞyðsÞds; t 2 I; ð35Þ
which has the exact solution y(t) = t2  2. Table 1 shows the
approximate solution by present method for N= 6, M= 3Table 2 Numerical results for Example 2.
Nodes t Method in [9]
With m= 32
Method in [1,12]
with m= 32
t= 0.0 1.000000 1.000000
t= 0.1 0.902637 0.905462
t= 0.2 0.826518 0.817519
t= 0.3 0.738654 0.742136
t= 0.4 0.654781 0.670808
t= 0.5 0.629437 0.605309
t= 0.6 0.533605 0.547694
t= 0.7 0.436916 0.494363
t= 0.8 0.452683 0.447196
t= 0.9 0.422679 0.404347and the two other methods. The numerical results by HBT
for N= 4, M= 3 and N= 6, M= 3 and exact solutions
are shown Fig. 1.
Example 2. Consider the following nonlinear Volterra integral
equation [12]:
yðtÞ ¼ 3
2
þ 1
2
e2t 
Z t
0
ðy2ðsÞ þ yðsÞÞds; t 2 I; ð36Þ
which has the exact solution y(t) = et. Table 2 shows the
approximate solution by present method for N= 6, M= 3
and the two other methods. The numerical results by HBT
for N= 4,M= 3 and N= 6, M= 3 and exact solutions are
shown Fig. 2.
Example 3. Consider the following nonlinear Fredholm inte-
gral equation [10]:
yðtÞ ¼ e3t  t  101
729
e9 þ 2
729
 
þ
Z 1
0
ts2y3ðsÞds; t 2 I; ð37Þ
which has the exact solution y(t) = e3t. Table 3 shows the
approximate solution by present method for N= 6, M= 3
and the two other methods. The numerical results by HBT
for N= 4,M= 3 and N= 6, M= 3 and exact solutions are
shown Fig. 3.6. Conclusion
Nonlinear Volterra–Fredholm integral equations are usually
to solve analytically. In many cases, it is required to obtain
the approximate solutions. For this purpose, the presented
method can be proposed. The aim of present work is toApproximate HBT for
with M= 3, N= 6
Error HBT for with
M= 3, N= 6
1.000000 0.0000000000
0.905000 1.626820 E04
0.818487 2.438211 E04
0.740946 1.275379 E04
0.670034 2.858734 E04
0.606311 3.999309 E04
0.548587 2.250428 E04
0.496226 3.594621 E04
0.449224 1.043774 E04
0.406273 2.968310 E04
Figure 3 Exact and approximate solutions by HBT for Example
3.
Table 3 Numerical results for Example 3.
Nodes t Method in [9]
With m= 32
Method in [1,12]
with m= 32
Approximate HBT for
with M= 3, N= 6
Error HBT for with
M= 3, N= 6
t= 0.0 1.000000 1.000000 1.000000 0.0000000000
t= 0.1 0.740601 0.740824 0.740820 1.338469 E06
t= 0.2 0.547622 0.548823 0.548814 2.676939 E06
t= 0.3 0.404352 0.406586 0.406574 4.015408 E06
t= 0.4 0.301658 0.301217 0.301200 5.353878 E06
t= 0.5 0.223951 0.223157 0.223137 6.692347 E06
t= 0.6 0.165163 0.165332 0.165307 8.030817 E06
t= 0.7 0.122346 0.122495 0.122466 9.369286 E06
t= 0.8 0.090567 0.090762 0.090729 1.070775 E05
t= 0.9 0.067196 0.067255 0.067218 1.204622 E05
Numerical solution of non-linear Volterra-Fredholm integral equations 555develop an efﬁcient and accurate method for solving the non-
linear Volterra–Fredholm integral equations. The properties of
the HBT together with the Newton-Cotes nodes are used to re-
duce the nonlinear Volterra–Fredholm integral equations to
the solution of nonlinear algebraic equations. Illustrative
examples are included to demonstrate the validity and applica-
bility of the technique.
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